Abstract. After studying Gaussian type quadrature formulae with mixed boundary conditions, we suggest a fast algorithm for computing their nodes and weights. It is shown that the latter are computed in the same manner as in the theory of the classical Gauss quadrature formulae. In fact, all nodes and weights are again computed as eigenvalues and eigenvectors of a real symmetric tridiagonal matrix. Hence, we can adapt existing procedures for generating such quadrature formulae. Comparative results with various methods now in use are given.
Introduction and motivations
Consider a fixed nonnegative measure dσ with support in the interval [−1, 1] . The standard approach to estimating integrals of the form
is to seek quadrature formulae
where a 1 < a 2 < ... < a m are given real numbers. The free nodes {x i,n } and the weights {α i,n } and {β j,l,n } are commonly chosen such that G n,m has maximum degree of exactness (MDE); that is,
f(x)dσ, ∀f ∈ P s , where s = sup {k : R n,m (P k ) = 0} , with R n,m (f ) := 1 −1 f(x)dσ − G n,m (f ) and P k denotes the linear space of polynomials on [−1, 1] of total degree at most k.
In a recent paper, Guessab and Milovanović [23] have presented a new method for numerical construction of the generalized Gaussian type quadrature formula λ i,n f (x i,n ) + R n (f), (1) which has MDE = 2n + 1. The key to this algorithm is to determine numerically the coefficients that appear in the three-term recurrence relation, satisfied by certain quasi-orthogonal polynomials {π n (., dσ(.; π n ))} n=0,1,2,... implicitly defined. A notable disadvantage of this construction is that the method requires the solution of a nonlinear system which is, unfortunately, very ill-conditioned if n is moderately large.
In this paper, we propose to compute the nodes x i,n and the weights λ i,n and ω j,n (provided they exist) of the more general quadrature formulae
where C j , j = 1, ..., k, are given linear functionals of the form 
that has MDE = 2n + k − 1. We call these quadrature formulae generalized GaussLobatto-Birkhoff quadrature formulae. This definition is justified by the analogy between some well-known quadrature formulae and (2). Indeed, note that MDE(Q n,k ) is equal to the number of "free" parameters appearing on Q n,k , and that, as special cases, we obtain the well-known Gauss quadrature formula, as well as the quadrature formulae usually associated with the names of Radau, Lobatto, Birkhoff and the quadrature formula (1) . Here, we propose a numerical scheme for the construction of such Gaussian quadrature formulae. The main advantage of the new algorithm is to extend the well-known method of Golub and Welsch [19] for ordinary Gaussian quadrature formulae to (2) . We shall in fact show, under additional assumptions on the functionals C l which guarantee existence of Q n,k , that all nodes and weights can again be (and have been) computed as eigenvalues and eigenvectors of a specific real symmetric tridiagonal matrix. Hence, an efficient and stable numerical method for the construction of a new class of quadrature formulae is almost immediate. Also, our approach is conceptually simpler than the method given in [23] and leads to considerable savings in computational time. Moreover, it will be shown that (2) possesses most of the desirable properties of the generalized Gauss-Lobatto quadrature formulae, and we obtain, for some boundary functionals C l , an explicit expression for the "boundary" weights ω j,n . Comparative numerical results with various existing quadrature formulae are given. Judging by our numerical examples, the new quadrature formulae appear to be very effective.
One of the main contributions of this work is to derive, in particular, a new approach for developing efficient algorithms for spectral approximations well suited for second-order elliptic problems. The advantages of this approach are that the discretization schemes are constructed with a judicious choice of an appropriate quadrature formula of a suitable MDE, which takes the boundary conditions into account in such a way that the resulting discrete systems have automatically diagonal mass matrices. This property is important in the sense of required computing time, because this method can be used to introduce explicit schemes for the timedependent problems. This is the so-called lumped mass method. Of course mass lumping is not a new concept (cf. for example [24] , [37] , among others) but our paper marks the first use of the method to obtain spectral approximations for approximating the second-order elliptic problems with various boundary conditions common in applications. The mass lumping has only been obtained for Helmholtz equation with Dirichlet boundary conditions; this case is particularly easy, since we can use as collocation points the nodes of the classical Gauss-Lobatto quadrature formula (cf. [37] ). The approach can be applied to more general problems. We explain briefly how to efficiently solve the biharmonic equation with mass lumping. It provides an initial motivation for this investigation. Some numerical experiments are presented: the result shows that the new set of nodes gives better results compared to the standard Gauss-Lobatto nodes commonly used.
The remainder of this paper is organized as follows. In the next section, we state and prove, under certain assumptions about boundary conditions, existence and uniqueness of (2) . We also develop some of their properties. The main results given in § 3 show how such quadrature formulae can be constructed, and in § 4, examples of such quadrature formulae are given. We also compare (2) and the generalized Gauss-Lobatto quadrature formulae. Section 5 presents a number of applications to lumped mass spectral approximations for second-order elliptic problems with various boundary conditions. Illustrative examples, in one and two space dimensions, are included to show the accuracy of the proposed methods compared with existing methods, when they are applied on a standard set of test problems. Some concluding remarks are given in the final section. We end this paper with an appendix containing several tables of nodes and weights of (2).
Existence of the quadratures and some of their properties
In this section, under additional assumptions on the functionals C l , we show that there exists one and only one quadrature formula of type (2) . The existence results, that are valid for a more general class of quadrature formulae, have been obtained by Micchelli and Pinkus [30, Theorem 3.1] . The main difference between our proof and that in [30] (cf., in particular § 3 of [30] ) is that our method uses the classical Krein's theorem [27] . We also show that (2) possesses most of the desirable properties of the classical Gaussian quadrature formulae; for example the free nodes are all in the support of the measure, the weights λ i,n are all positive, and the interior nodes have the interlacing property and are a solution of an extremal problem.
We first introduce some basis notations that will be used in the subsequent sections. Let the function f in (2) be differentiable on [−1, 1] as many times as needed. For given linear functionals
we shall denote by S N −1,k the space defined by
Throughout this paper, we assume that for every integer N the set of the linear functionals These standing hypotheses will not be mentioned explicitly in the results of this paper.
Recall In particular, it follows that any nontrivial u ∈ M m has at most m distinct zeros. In order to illustrate assumptions (4) and (5), we list below a few known functionals that are independent and for which S N −1,k forms a Chebyshev system on [−1, 1] with dimension N . These functionals have been studied in detail in [30, p. 216 ].
Example 2.1. Functionals with Hermite boundary conditions
Functionals with anti-symmetric boundary conditions
Functionals with Birkhoff boundary conditions
where
where M ν counts the number of integers in {i 1 , ..., i p , j 1 , ..., j q } less than or equal to ν.
Another important class of functionals, which satisfy certain determinantal conditions (see [30, p. 216, Example 3.5] ), is the set of functionals with separate boundary conditions
Also, for the general case (3) examples are given in [30, p. 214] .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Note that if the functionals (3) are of the form (6) , then the quadrature formulae (2) are reduced to the so-called generalized Lobatto quadrature formulae, whose existence and uniqueness have been proved by Stancu [40] . A numerical algorithm for their construction was given by Golub and Kautsky in [21] . Another algorithm has also been developed recently by Bernardi and Maday [3] , who presented some useful information about the boundary weights. Also, for the functionals with Birkhoff type boundary conditions (7), we obtain Micchelli and Rivlin type quadrature formulae [31] . Existence and uniqueness of such quadrature formulae was proved in [31] , but the problem of their construction is still open. The most difficult part is investigating the zeros of the polynomials that provide the nodes. Our main achievement in the following theorem is in the manner of establishing the existence, the uniqueness, and some properties of (2). Theorem 2.1. There exists a unique quadrature formula of type (2) , which integrates exactly all polynomials of degree at most 2n + k − 1. The nodes x 1,n , . . . , x n,n are all in the open interval (−1, 1), and their weights λ 1,n , . . . , λ n,n are all positive.
Proof. The result is an immediate consequence of the Krein theorem [27] , which states that there exists a unique quadrature formula of the form
which integrates all polynomials of S 2n−1,k . Moreover,
With the help of this result, the proof becomes very easy and we prefer to present it here to keep the paper self-contained. We are now ready to prove the uniqueness of (2). I) Uniqueness result. Suppose that there is another quadrature formula of the form
having the desired property, and which is exact also for all polynomials from P 2n+k−1 . Suppose that x i,n = x i,n for some i, and define the polynomial Q i ∈ P 2n+k−1 such that
The existence of Q i follows from the fact that S 2n−1,k is a Chebyshev system of dimension 2n. Then,
by the first quadrature formula, and
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use by the second. This leads to a contradiction, so that x i,n = x i,n , i = 1, ..., n. It follows easily that λ i,n = λ i,n , i = 1, ..., n, since S 2n−1,k is a Chebyshev system of dimension 2n.
The equality of quadrature weights ω j,n = ω j,n , j = 1, ..., k, is an immediate consequence of the rank property (4) . II) Existence result. We require of a good quadrature formula that its nodes be in the support of the measure. We show that, for (2) , this holds true. To this end, let f be a given function on [−1, 1] and let I 2n+k−1 (f ; .) be the (2n + k − 1)-th degree Lagrange interpolating polynomial based on the data
. . , n, are the nodes of the Krein quadrature formula (9) , and x i,n , i = n + 1, . . . , 2n, are n distinct points on the interval (−1, 1) such that x j,n = x K i,n for all j = n + 1, ..., 2n and i = 1, ..., n. Then, it is well-known that
where h i,n and l j,n are the so-called fundamental functions (the existence and uniqueness of h i,n , and l j,n follow from the fact that S 2n−1,k is a Chebyshev system of dimension 2n and the rank property (4)). Since I 2n+k−1 (f ; .) = f for all f ∈ P 2n+k−1 , an integration of I 2n+k−1 (f ; t) leads to the following quadrature formula:
Since h i,n ∈ S 2n−1,k , for all i = n + 1, ..., 2n, and vanishes at the nodes of (9), we obtain λ i,n = 0, i = n + 1, ..., 2n. We have also λ i,n = λ K i,n , i = 1, ..., n, this fact following immediately by using the uniqueness of (9). Therefore, (10) is a quadrature formula of the form (2). The proof is complete.
The proof shows that the interior nodes of (2) are those of the Krein quadrature formula (9) .
The next theorem says that, as in the classical Gaussian quadrature formulae, the interior nodes of (2) have the interlacing property. 
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with −1 < x 1,n < . . . < x n,n < 1 and −1 < x 1,n+1 < . . . < x n+1,n+1 < 1. Then the following interlacing property holds:
Proof. Let us assume on the contrary that there exists µ with
Define the polynomial Q µ ∈ P 2n+k−1 by the interpolation conditions
Since S 2n−1,k is a Chebyshev system of dimension 2n and the number of the zero evaluations of Q µ is maximal, we have Q µ (x µ+1,n+1 ) > 0. Then,
by the second. This leads to a contradiction, and the interlacing property is proved.
We conclude this section with a remark about an extremal property of (2) . We recall first of all that the ordinary Gauss quadrature formula [16] has the remarkable property that its nodes minimize the integral
Let Ω 2n+k be the unique polynomial belonging to P 2n+k with the leading coefficient 1 and satisfying the interpolation conditions
The relation between the extremal problem, (11) and the interior nodes of (2) was given by Micchelli and Rivlin [31] in the case of boundary conditions of Birkhoff type (7) .
Note that (11) is the major term in the estimate of the error
Indeed, if f is n + 2k times continuously differentiable, then, as in the classical Hermitian case, we can easily show for (7) (see [28, Theorem 7.5] ) that the modulus of the error has the representation
. The extremal property (11) has been extended to Birkhoff type nodes; see, for example, the papers by Jetter [25] , Bojanov and Nikolov [6] . We also mention that this property has been examined in the case of a wide class of functions including smooth functions (not necessarily polynomials). See Bojanov, Braess and Dyn [5] , Bojanov, Grozev and Zhensykbaev [7] .
Quasi-orthogonal polynomials and Jacobi matrices
In this section, we show that the interior nodes of (2) are zeros of certain quasiorthogonal polynomials. Then, we establish that the quasi-orthogonal polynomials that lead to (2) can be represented as characteristic polynomials of symmetric tridiagonal matrices. Because of such a representation, the nodes and weights of (2) can be computed in a stable and efficient way.
Let dσ be a nonnegative measure with support in the interval [−1, 1], and let {π n (.) = π n (.; dσ)} n=0,1,2,... be the unique sequence of (monic) orthogonal polynomials with respect to dσ,
It is well known that every sequence of monic orthogonal polynomials satisfies a three-term recurrence relation
with coefficients
that are uniquely determined by the measure dσ, and by convention β 0 := β 0 (dσ) = 1 −1 dσ. These coefficients define a tridiagonal matrix called the Jacobi matrix, with α k , k = 0, 1, ..., on the main diagonal and √ β k , k = 1, 2, ..., on the side diagonals. This matrix plays an important role for the computation of orthogonal polynomials. We can express π n as the characteristic polynomial of the nth-order Jacobi matrix J n (dσ) = J n , π n (t) = det(tI n − J n ), where I n is the nth order identity matrix. The zeros of the orthogonal polynomial π n are the eigenvalues of J n , which are also the nodes of the well-known Gauss quadrature. For a history and further extensions of these results, we refer to the extensive survey [16] of Gautschi (cf. also [42] ).
We shall say that a polynomial q n,r ∈ P n generates a (2n − r − 1, n, dσ) positive quadrature formula (that is, a quadrature formula which has n nodes t 1,n < . . . < t n,n , positive weights and MDE = 2n − r − 1) if all nodes t 1,n , . . . , t n,n are zeros of q n,r and are all located in the open interval (−1, 1). Since MDE is 2n − r − 1, it is easy to see that the underlying polynomial q n,r must be orthogonal to P n−r−1 with respect to the measure dσ. Hence, apart from a multiplicative constant, q n,r must be of the form
where ρ 1 , . . . , ρ r are real constants. Such a polynomial is called a quasi-orthogonal polynomial of degree n and order r. The quasi-orthogonal polynomials and the positive quadrature formulae have been studied by many authors. For the historical development and a number of practical computations, we refer to Askey [1] , Peherstorfer [35, 36] , Guessab and Rahman [22] . For an earlier paper on the subject, see Micchelli and Rivlin [31] . Recently, Xu [44] showed that a large class of quasi-orthogonal polynomials can be expressed as characteristic polynomials of a symmetric tridiagonal matrix.
Our computational method is based on the important fact that the interior nodes of (2) are zeros of a quasi-orthogonal polynomial of the form (12) , which can be expressed as a characteristic polynomial of a symmetric tridiagonal matrix, that is,
where J n,r (dσ) is defined by
.., n − 1, and α k,r ∈ IR, k = 0, ..., n − 1.
In general, such a matrix is not difficult to construct, this point being discussed further in Theorem 3.2 and Theorem 3.3. Thus, the nodes can be found numerically using one of the existing methods for computing the eigenvalues, for example, a standard QR-algorithm. We now consider a quadrature formula of the form
with MDE(G n,r ) = 2n − r − 1. As we mentioned before, the polynomial q n,r (t) = n k=1 (t − x k,n ) is orthogonal to all polynomials of degree ≤ n − r − 1 with respect to dσ. This condition can be expressed equivalently in the form (12) .
Using the symmetric tridiagonal matrix representation of quasi-orthogonal polynomials, we begin by recalling the following characterization of positive quadrature formulae, which is due to Xu [44, Theorem 4.1].
Theorem 3.1. Let q n,r generate a (2n−r−1, n, dσ) quadrature formula G n,r of the form (13) . Then G n,r is a positive quadrature formula if and only if q n,r is a quasiorthogonal polynomial of degree n and order r that has a symmetric tridiagonal matrix representation.
In order to present the next theorem, we have to introduce some more notation. For given linear functionals
We shall always assume r ≤ n, a l,q l −1 = 0 and b l,q l −1 = 0 for l = 1, ..., k, and we shall denote by E r−1,n+q+q −1 the space defined by
where x i,n , i = 1, ..., n, are the interior nodes of the quadrature formula (2) . It can be easily seen that E r−1,n+q+q −1 is a space of dimension r. Thus, there exists a set of polynomials {Ψ 0 , ..., Ψ r−1 } ⊂ E r−1,n+q+q −1 such that
with R i belonging to P n+k−1 and
For the rest of this paper, it is convenient to consider the measure
and the corresponding (monic) orthogonal polynomials
We will also need the following quadrature formula:
where x i,n , i = 1, ..., n, are the nodes of the quadrature formulae (2) and λ i,n , i = 1, ..., n, are the corresponding weights. It is easily seen that
∧ σ) positive quadrature formula. Hence, from Theorem 3.1, the polynomial that generates the quadrature formula (20) and (2) must have a symmetric tridiagonal matrix representation.
We are now ready to formulate our main theorem of this section, one that plays an important role in the subsequent development Theorem 3.2. Suppose q, q , r and the functions {Ψ 0 , ..., Ψ r−1 } are given respectively as in (14) and (16) . Suppose further that x 1,n , ..., x n,n are n points on the interval (−1, 1) , such that x i,n = x j,n for all i = j. Then the n nodes x 1,n , ..., x n,n are the interior nodes of the quadrature formula (2) if and only if they are zeros of a quasi-orthogonal polynomial q n,r of degree n and order r with respect to d
Proof. Necessity. Assume that the nodes x i,n , i = 1, ..., n, are those of the quadrature formula (2) . We define
Now let p be an arbitrary polynomial of degree ≤ n − r − 1; then the polynomial
is a polynomial of degree ≤ 2n + k − 1 such that Q n,k (f ) = 0. Thus, since Q n,k integrates exactly all polynomials of degree up to 2n + k − 1, we have for all p ∈ P n−r−1
This means that q n is orthogonal to all polynomials of P n−r−1 with respect to d
Therefore, q n is a quasi-orthogonal polynomial of degree n and order r with respect to d ∧ σ. For the second result, note that, since r ≤ n, then for all i = 0, ..., r − 1, Ψ i is a polynomial of degree ≤ 2n + k − 1. Then the exactness of Q n,k on P 2n+k−1 gives
Thus, the necessity of the condition is proved. Sufficiency. Assume that (22) holds and there exist r real constants, ρ 1 , . . . , ρ r , such that the polynomial q n,r = ∧ π n + ρ 1
For a given function f on (−1, 1), we denote by I n+k−1 (f ; .), {h i,n , l j,n } respectively the (n + k − 1)th degree Lagrange interpolating polynomial and the Lagrange basis with respect to the data
Then, we have
Since I n+k−1 (f ; t) = f(t) for all f ∈ P n+k−1 , we obtain the following quadrature formula:
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Now, let P be an arbitrary polynomial of P 2n+k−1 . We define the polynomials Φ m (t) = (1 − t) q (1 + t) q t m q n,r (t), m = 0, ..., n − r − 1. It can be easily proved that
form a basis for P 2n+k−1 . Then P can be represented uniquely in the form
where R is a polynomial of P n+k−1 . From this, it follows that
For all m = 0, ..., n − r + 1 and j = 0, ..., r − 1, we have by hypothesis
Therefore, by (23) we have 
From (24) , however, we obtain for all i = 1, ..., n and j = 1, ..., k
hence we have the following quadrature formula
which shows that (25) is a quadrature formula of the form (2) . Therefore, by the uniqueness of the quadrature formula (2), the nodes x i,n , i = 1, ..., n, are indeed those of (2). This completes the proof of Theorem 3.2.
Remark 3.1. Theorem 3.2 characterizes all quadrature formulae (2). Moreover, it assures that the interior nodes of (2), which are also those of (20) , are zeros of the unique quasi-orthogonal polynomial q n,r = ∧ π n + ρ 1
π n−r , which must satisfy the orthogonality relations (22) (via the formulae (22) ; recall that the polynomials Ψ i are of the form Ψ i = q n,r Q i with Q i belonging to P q+q −1 ), and such that q n,r has all its zeros located in the open interval (−1, 1) . Note also that the procedure described in Theorem 3.2 requires the evaluation of ρ 1 , . . . , ρ r . The latter coefficients are a solution of a nonlinear system of r equations in r unknowns. In addition, as we have previously pointed out, the underlying polynomial q n,r must have a symmetric tridiagonal matrix representation. Hence, we can use the existing routine [18] for determining the weights and nodes in (2) . These observations play a central role in the construction of (2). Now, we restrict our discussion by showing how quasi-orthogonal polynomials of degree n and order r = 1, 2, 3 or 4 can be expressed as characteristic polynomials of symmetric tridiagonal matrices. This is the content of the following theorem. Then q n,4 has a symmetric tridiagonal matrix representation of the form
if and only if
and
Proof. Expanding the determinant det(tI n − J * n ) by its last rows, we have det(tI n − J *
where we have used the three-term relation. Since q n,4 = det(tI n − J * n ), one readily obtains
Solving these equations, the desired result follows.
The main results of the previous theorem were given for the particular case r ≤ 4. Of course, it could have been carried over to r ≥ 5, but the problem is mainly computational. A more general form of this result has already appeared in [44, Theorem 4.1] .
For the particular case r = 1 (ρ 2 = ρ 3 = ρ 4 = 0), Theorem 3.3 states that every quasi-orthogonal polynomial q n,1 = π n + ρ 1 π n−1 admits a unique representation (26) with
This result appears in [41] . For r = 2, the only quasi-orthogonal polynomials q n,2 = π n + ρ 1 π n−1 + ρ 2 π n−2 which have a representation (26) with
are those that satisfy ρ 2 ≤ β n−1 . This characterization was proven in [31] . For r = 3, the class of the quasi-orthogonal polynomials, which admits the matrix representation (26) under the restrictions (27) with ρ 4 = 0, was stated in [43] in terms of the entries corresponding to the orthonormal polynomials. Here, using the monic orthogonal polynomials as the starting point, we have easily established an explicit representation for r ≤ 4.
If we apply Theorem 3.1 and Theorem 3.3, we arrive at the following theorem. The cases r = 1, 2 and 3 were developed in [43] and [44] . For convenience, we restated the results in terms of the recursion coefficients for the monic orthogonal polynomials. Then the (2n − r − 1, n, dσ) quadrature formula generated by q n,r is positive if and only if the inequalities (27) are satisfied.
As remarked previously for quadrature formulae, it is important to have all nodes in the support of the measure. In our situation, by virtue of Theorem 3.2, this is equivalent to asking when the zeros of the quasi-orthogonal polynomials are located in (−1, 1) . One of the main difficulties in solving (22) is how to select the coefficients {ρ k } r k=1 as a solution of (22) in such a way that the corresponding quasi-orthogonal polynomial has all its zeros in (−1, 1) . We refer the interested reader to the discussion of that point in [43] or [12] . The following theorem will be useful in the development of §4. Theorem 3.5. Let q n,2 be a quasi-orthogonal polynomial of degree n, and order 2, of the form q n,2 = π n + ρ 1 π n−1 + ρ 2 π n−2 .
Suppose that ρ 2 ≤ β n−1 ; then q n,2 has all its zeros in (−1, 1) if and only if (−1) n q n,2 (−1) > 0 and q n,2 (1) > 0.
Construction of the quadratures
In this section, we first turn our attention to the numerical problem of computing a class of quadrature formulae of type (2). We will illustrate, by means of a simple example, how our characterization of (2) can be used to evaluate the free nodes as the eigenvalues of a symmetric tridiagonal matrix. We also establish that the "interior" weights are proportional to the squares of the first components of the orthonormal eigenvectors. In addition, we determine the boundary weights explicitly. Then, in the last subsection, we will compare a new class of quadrature formulae and the classical generalized Gauss-Lobatto formulae.
4.1. Gauss-Lobatto-Birkhoff type quadrature formulae. Throughout this subsection, for the sake of simplicity, we assume that dσ(t) = dσ(−t) is an even measure and the support of dσ is symmetric with respect to the origin on the interval [−1, 1]. This restriction is only done for convenience of presentation. It will be apparent how the statement of theorems must be modified to encompass more general positive measures.
To focus our discussion, we concentrate here only on the problem of determining the nodes and weights of (2), which uses pure Neumann boundary conditions, that is, a quadrature formula of the form (29) such that MDE(Q GLB n ) = 2n+1. Note that (29) has the same number of evaluations of integrand and has the same MDE as the classical Gauss-Lobatto quadrature formula [16] , which uses −1, 1 and n points in (−1, 1) .
In order to show how (29) can be obtained numerically, we adopt the following notation. Let
be the unique sequence of (monic) orthogonal polynomials with respect to
and let
be the recurrence coefficients for the orthogonal polynomials . Note that, in this particular case, we have (using the notations introduced in the previous section; see (14) ) k = q = q = 2, and r = 2. Then it follows from (15) that
where u n+3 and v n+3 are two polynomials of exact degree n + 3, which satisfy the interpolation conditions
Hence, it can be easily observed that polynomials u n+3 (t) = (1 − t + q n,2 (1) q n,2 (1) + q n,2 (1) )(1 + t) 2 q n,2 (t) (30) and
where q n,2 (t) := n i=1 (t − x i,n ), form a basis for E 1,n+3 . Assumptions (4) and (5) are trivially true. Consequently, Theorem 2.1 assures us of the existence of a unique quadrature formula of the form (29) , with respect to dσ on the interval [−1, 1] . This quadrature formula integrates exactly all polynomials of degree at most 2n + 1 and such that all the nodes x 1,n , ..., x n,n lie in the open interval (−1, 1) and all the corresponding weights are positive. We also know, from Theorem 3.2, that the interior nodes of (29) are zeros of a certain quasi-orthogonal polynomial of degree n and order 2. Therefore q n,2 takes also the form
But, by virtue of symmetry, q n,2 must be even or odd for n even or odd, respectively. Hence
Again from Theorem 3.2, the polynomials u n+3 and v n+3 defined in (30) and (31) must satisfy the following orthogonality relations:
Note that v n+3 has also the following representation:
Hence, by virtue of symmetry, the coefficient ∧ b n defined in (32) must be a solution of
or equivalently, ∧ b n is a solution of a quadratic equation
Then, with the help of a simple computation, we show that the solution ∧ s n of (34) with the smallest modulus ensures that the polynomial (35) has n distinct real zeros all located in (−1, 1) .
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Thus, the interior nodes of the quadrature formula Q GLB n are the eigenvalues of J * n ( ∧ σ). We now consider the quadrature formula based on the zeros of q n,2 and of the form
Since (29) integrates every polynomial of degree 2n + 1 or less exactly, then (37) is valid for all polynomials of degree ≤ 2n − 3. Now as a direct consequence of [43, Theorem 6 .1], the weights (1 − x 2 i,n ) 2 w i,n are given by
where 
We summarize this construction process in the following theorem.
s n and q n,2 be defined as in (36) and (35) . Then, for each integer n ≥ 2 there exists a unique system of n weights w 0,n , . . . , w n+1,n such that for any polynomial f in P 2n+1 we have
where x i,n , i = 1, ..., n, are the n distinct real eigenvalues of J * n ( ∧ σ),
and Proof. By virtue of the symmetry and the uniqueness of the quadrature formula (29) we have w n+1,n = −w 0,n . It remains to prove (39) , and the positivity of w n+1,n . Since the quadrature formula is exact for any polynomial of degree not exceeding 2n + 1, we easily obtain (39) , and the positivity of w n+1,n follows immediately from the fact that q n,1 (−1)q n,1 (−1) = −q n,1 (1)q n,1 (1), and q n,1 (1) > 0, q n,1 (1) = q n,1 (1)
This quadrature formula enjoys perfect symmetry; indeed we can prove easily that x n+1−i,n + x i,n = 0, w n+1−i,n = w i,n , i= 1, ..., n.
There are several important corollaries of Theorem 4.1, which will have applications in spectral approximations. The most important one relates to the Legendre weight function w(t) = 1 on [−1, 1]; the corresponding quadrature rule will be referred to as the Gauss-Lobatto-Legendre-Birkhoff type quadrature formula (GLLB). Since the following theorem is a direct consequence of the previous one, we restate the results without giving their proofs. 
, k = 1, ..., n − 2, and
Then, for each integer n ≥ 2, there exists a unique system of n + 2 weights w 0,n , . . . , w n+1,n such that for any polynomial f in P 2n+1 we have (40) where x i,n , i = 1, ..., n, are the n distinct real eigenvalues of J n . Moreover the weights of the boundary terms are given by
and 
for ρ < α, where
being the Jacobi polynomial with parameters α, β and Γ the gamma function. We leave the details to the reader.
The construction of quadrature formulae of type (40), in the Legendre or Chebyshev case with the Fourier-Robin boundary conditions, presents no extra difficulties; a detailed discussion on such quadrature formulae can be found in [14] . The latter are obtained by constructing analogs of Theorem 4.1 and have been implemented.
We mention also that quadrature formulae which integrate all polynomials of P 2n+3 and are of the form (42) can be obtained by the method of the present paper. Finally, the characterizations presented in this paper have been applied to the computation of a new family of quadrature formulae (2) that use end conditions common in applications. Space limitations prevent us from presenting more examples here. A detailed technical report on our numerical experiments can also be found in [14] .
We end this section with some applications of our previous results.
Comparative numerical results.
As expressed by Christoffel (cf. [16, p. 86] ), the use of preassigned nodes in quadrature formulae, chosen judiciously at locations where the integrand function is predominant, should be advantageous. In order to demonstrate that the use of preassigned nodes can indeed be helpful, we compare different quadrature formulae developed in this section and the classical generalized Gauss-Lobatto formulae that use the same number of evaluations of the integrand and have the same MDE. For illustration, we choose some specific functions that peak at a point in [−1, 1] with a severity that can be controlled by a parameter:
Example 4.1. First we compare the approximations of I 1 obtained by using the new numerical quadrature formula GRB
and the classical Gauss-Radau GR formula
The quadrature formula (43) is explicitly constructed in [14] . For ω = ω m = 1+3/2 m , m = 1, ..., 11, we determine the smallest value of n such that the difference between the numerically and analytically obtained integrals is less than 10 Carefully examining these results, we observe that both quadrature formulae converge rapidly, with GRB having an edge over GR. This example also demonstrates the superiority of the new quadrature formula over GR when ω approaches 1. Notice that the integrand f ω (t) = 2 1+2 (ω+t) 2 exhibits a peak at t = −ω .
Example 4.2.
In the second example, we take the function f ω (t) = e ωt sin( π 2 t), and we observe that if ω = 0 then f 0 (±1) = 0. We therefore compare the results furnished by the quadrature formula GLLB given in Theorem 4.2,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use with those of the classical Gauss-Lobatto quadrature formula GL,
Again, for each of these quadrature formulae, we determine the smallest value of n such that the difference between the numerically and analytically obtained integrals is less than 10 −15 . We tabulate the results for ω = ω m = m/5, m = 1, ..., 11:
As we can see from the last table, the results of the proposed method are, in general, more accurate and stable than the results obtained by using the Gauss-Lobatto quadrature formula.
Example 4.3.
In the following test we compare the new quadrature formula GLB1
with the classical Gauss-Lobatto quadrature formula. The quadrature formula (46) is explicitly discussed in [14] . We take the test function f ω (t) = e ωt −3 − 2 t + t 2 , which satisfies f ω (−1) = 0 and f ω (1) = −4ω e ω . In our next table we give the numerical results of the smallest value of n for which the error is less than 10 
We can clearly see the superiority of the new quadrature formula.
These examples illustrate the good convergence behavior of our approach. A natural question arises at this point concerning the quadrature error of (2). There are many quadratures that use the same number of evaluations of the integrand and have the same MDE. Then, how should one compare them? We refer to Bojanov and Nikolov [6] for other very interesting comparative general results.
Applications to lumped mass spectral approximations of second-order problems
Several different spectral approximations have been suggested for second-order elliptic problems, and some of them have been implemented in industrial codes. The underlying idea in these methods is to approximate the unknown function by an interpolation polynomial at some preassigned (collocation) nodes. This procedure yields a system of ordinary differential equations to be solved. Most papers concerning these methods are based on collocation points that are identified with the nodes of generalized Gauss-Lobatto quadrature formulae (see [9] , [37] , [15] , [4] , among others). In certain calculations it is useful to use a set of collocation points which includes certain boundary nodes, such as the generalized Gauss-Lobatto points. This is particularly true for spectral methods, where the role of boundary conditions is even more crucial owing to their global nature. The greatest difficulty lies in finding an appropriate set of collocation points.
In this last section, we present a new class of spectral approximations applied to second-order elliptic problems with different boundary conditions. The major difference between the proposed and the existing methods is the treatment of the boundary conditions. We will select the most accurate quadrature formula, which takes the boundary conditions into account and gives exactly a diagonal mass matrix. This property is important because our schemes can be used to introduce explicit schemes for time-dependent problems. This is the so-called lumping process. We refer the reader to [10] , [37] and [24] for a review of these methods. The results reported here are only the first step in the implementation of these new methods.
In order to motivate the approach of imposing boundary conditions in the quadratures and to explain what can be achieved by this technique, we now apply the results of the foregoing sections to three important problems in the field of spectral approximations. First, we are interested in spectral discretization of the Helmholtz equation. The governing equation is
where Λ = (−1, 1), d = 1 or 2, τ > 0, f is the given data and ∂/∂n is the normal derivative operator.
5.1. One-dimensional case. The elaboration of the numerical algorithm for solving the above problem in two dimensions starts with the use of a one-dimensional case. It is for this reason that we consider the following one-dimensional case first:
Several techniques are available for computing a spectral approximate solution to (48). An excellent survey of the main classes of these methods can be found in [15] .
Throughout this subsection, we assume that the collocation points x j , j = 1, ..., N − 1, are the interior nodes of the quadrature formula (40) (see Theorem 4.2):
which is exact over P 2N −1 . A subspace of P N , important to our presentation, is defined by
We recall that the standard pseudo spectral Legendre-Galerkin method is: 1) . In order to formulate our discrete problem, we first define the discrete bilinear form ., . We always assume that the function f ∈ C 1 (Λ). We now evaluate the inner product appearing in the Legendre-Galerkin method by the quadrature formula (40) to obtain the discrete problem as:
Note that if u N and v N belong to X 1 N , then because of (49) the definition of ., .
GLLB N reduces to
Thus, the bilinear form ., .
GLLB N is a discrete scalar product in X 1 N . Moreover, the problem (51) is equivalent to the following variational problem:
The actual procedure of solving the above problem depends on the choice of basis functions of X 
Therefore, by a dimension argument, we have
and that {φ k , k = 1, ..., N − 1} is an orthogonal basis with respect to the discrete scalar product ., .
GLLB N
. Let us denote
Then the discrete problem is equivalent to the following matrix equation:
Note that the mass matrix M is diagonal, and for all
we have
therefore the symmetric matrix A+τ M is positive definite and the discrete problem has a unique solution.
5.2. Two-dimensional case. Here (u, v) = Ω uvdxdy is the scalar product in
where Q N (Ω) is the space of polynomials that are of degree less than or equal to N with respect to each variable. It is obvious that X 2 N = span {φ ij , i, j = 1, ..., N − 1} . The quadrature formula for the two-dimensional case is constructed as the tensorproduct extension of the one-dimensional case (40) . From the results for the onedimensional case it is easily seen that this product quadrature formula is exact for polynomials of Q 2N −1 (Ω). For computational reasons, it is necessary to introduce an additional bilinear form defined on
. It is constructed by replacing the integrals in the scalar product (., .) with respect to each variable by using the quadrature formula (40) . Thus, each integral over the domain Ω, in the variational form
is then evaluated in the following way:
.
We can now pose the discrete problem as
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Note that the mass matrix M is diagonal. Taking v N (x, y) = φ lm (x, y) in (53) for l, m = 1, .., N − 1, we find that (53) is equivalent to the set of algebraic equations which can be expressed in a matrix form as
where A+τ M is a symmetric positive definite matrix.
General problems.
Our approach can be applied to much more complex boundary conditions, to obtain the lumping of the mass matrix results from the appropriate quadrature formulae. For the sake of simplicity, we briefly describe this method to efficiently solve the following mixed problem with Dirichlet and Neumann boundary conditions:
We follow the procedure described in the pure Neumann problem, but this time we evaluate in the variational form all the integrals with respect to each variable by using the quadrature formula
which is exact over P 2N −1 , to obtain a set of linear algebraic equations with lumped mass matrix. Now, we turn to the specific numerical examples. In order to test our results, we have carried out numerical experiments, and some of these are illustrated by computer graphics in the following subsection. 
One-dimensional tests
Example 5.1. We begin with the simple 1-dimensional test problem
First we take f such that the exact solution is 1+cos πx. Then, we compare our approximation M1 (based on GLLB quadrature formula) with the traditional method of approximation M2 (obtained by using the classical Gauss-Lobatto-Legendre quadrature formula) and the collocation M3 method (based on the interior nodes of (40) We see that the errors worsen progressively, with the errors in M1 being considerably better than in M2 and M3. We also see that the errors in M2 are close to those in M3.
For this test problem the numerical results are very promising. Using 40 grid points, the numerical results are very accurate. Figure 1 shows the computed (•) and exact (-) solution. The reader can easily see the good agreement between computed and exact solution.
Two-dimensional tests
Example 5.2. As our second example, we take the following problem:
This time, we choose the function f such that this PDE has an exact solution (1 + cos(πx))(1 + cos(πy)).
Next, using (54), the errors in the L ∞ are given in (59), and also included in Figure  2 , the numerical solution calculated with a 12 × 12 grid. 
where Ω as well as the initial data are the same as (55). Here, we choose f such that this PDE has the globally smooth solution u(x, y) = (1 + x)(1 + y) exp(−(x + y)/2).
In (61), we present the maximal error at nodal points for different values of the polynomial degree, N. The graph of the numerical solution can be found in Figure  3 for the case of a 12 × 12 grid. N 9 36 81 144 L ∞ 6.334E-005 7.392E-007 6.341E-008 9.880E-009 (61)
We conclude with some comments about the quadrature formulae studied here. In this paper, we have shown how to modify the Jacobi matrix to obtain a new class of Gaussian type quadrature formulae with prescribed evaluation of boundary values or derivatives. Our algorithm may be regarded as an extension of the classical procedure of Golub and Welsch [19] to a class of quadrature formulae with more general boundary conditions. This property makes the described quadrature formulae attractive for applications.
The results of this paper can be improved upon and extended in several directions:
(1) The method can be extended to the construction of quadrature formulae of the form
which are exact for all polynomials in P 2n+2jm+1 . Existence and uniqueness of such quadrature formulae were discussed in [8] . Note that our method can also be adapted to obtain analytically, in closed form, the boundary weights a 2ji . The interior nodes of (62) can be (and have been) computed as eigenvalues of a real symmetric tridiagonal matrix.
(2) The analysis leading to these new quadrature formulae can be extended to more general domains, for example, to semi-infinite intervals with adapted boundary conditions.
(3) The lumped mass spectral approximations have also been extended to more complicated situations, especially to fourth-order problems with more general boundary conditions. For example, if these latter are of the form u | ∂Ω = ∆ 2 u | ∂Ω = 0, the idea is to use an approximate inner product to compute the mass matrix, which is based on the quadrature formula given in (42) . We propose to study the theoretical and practical aspects of these problems in a future publication.
(4) In terms of a new application, we plan to extend the new algorithms to solve time-dependent problems.
The technique used in this paper can certainly be exploited in many other ways than those described here; for example, it is also useful in lumped mass finiteelement approximation, see, for instance, [9] , [24] and [37] . Finally, we hope that the spectral numerical results presented here will be followed up with a theoretical analysis.
All the computations described in this paper were carried out on an IBM PC in double precision.
Appendix: Nodes and weights of quadrature formulae
We first show the distribution of the nodes of (40) in the interval [−1, 1] for N = 2, ..., 30. The interlacing property and the clustering of the nodes toward the boundary are evident.
In the tables below, for N = 4(4)16, we give numerical values of the nodes and weights of (40) (see Theorem 4.2).
To simplify the notation for the fixed nodes x 0 = ±1, the coefficient given in the tables corresponding to x (1) 0 is the coefficient of the term f (x 0 ) in the quadrature formulae (40) . .1797662215602099 ±1.0000000000000 (1) ±.0000399476589447
